Introduction
Let D be a category equipped with a class of morphisms in D (called equivalences) and with a cone functor c : M aps(D) → D. A natural question is: When does this cone functor induce a triangulated structure on HoD := D[E −1 ]? [GM] This question has been widely studied in the literature when the cone functor c is precisely the 'cofiber' object of a map, which is induced by a Quillen's model structure [Q] , or by other related axiomatic homotopy theories, for instance Brown's, Baues's, Thomason's and Waldhausen's categories. In all these cases some extra data are needed, for instance a new class of maps in D, the cofibrations, as well as additional assumptions over D, as the existence of (at least) certain pushouts. Also, the 'cofiber sequences' obtained in this way are considered just in case D is a pointed category.
In this paper we introduce a different approach to this question. If I is the category
, we consider a category D equipped with a functor cyl + : I op D → ID, and a class E of equivalences. If D has a final object, such a functor cyl + gives rise to a cone functor c : M aps(D) → D, and to a shift T : D → D. We develop in the first section of this paper a set of general properties of a such (double) cylinder functor cyl + which ensure a 'non-additive right triangulated structure' on HoD, even if D is not pointed. We also prove previously, under very simple assumptions on cyl + , that E has a calculus of left fractions in the category D up to the homotopy relation induced by cyl + . Our aim is in fact to study the homotopy category associated with a simplicial descent category [R1] , where the key ingredient is a sort of total, or 'geometric realization' s : ∆
• D → D. In the second section of the present paper it is proven that those cylinders cyl + induced by a simplicial descent structure on D do satisfy these properties, providing examples of such cylinders in D = chain complexes over an arbitrary additive/abelian category, simplicial sets, topological spaces, filtered cochain complexes, differential graded algebras (or dga), commutative dga (over a field of characteristic 0), DG-modules over a DG-category and mixed Hodge complexes. We include in the last section those 'non-additive triangulated' structures induced on the respective homotopy categories, which are in fact triangulated in the additive stable cases. The octahedron axiom, as well the non-additive version of TR2 (the second axiom of triangulated categories) are satisfied even in the non-pointed University of Seville, email: rgbea@algebra.us.es. Work on this paper was partially supported by the research projects 'Geometría Algebraica, Sistemas Diferenciales y Singularidades' FQM-218, by MTM2007-66929 and by FEDER.
cases, for instance in the case of (commutative) differential graded algebras (see also [G] for another treatment of TR2 in dga). The cylinder or path functors obtained for these categories are the classical ones. For the filtered complexes and the mixed Hodge complexes we produce path functors which are dual to the usual cone constructions (see [PS] , [Be] or [H] ). In the category of filtered cochain complexes with the E 2 -isomorphisms as equivalences, we obtain a triangulated structure on the corresponding homotopy category, which is related to the (classical) one on the filtered derived category through the 'decalage' filtration functor [DeII] .
The ideas contained in this paper comes from author's Ph.D. thesis [R] , in which the homotopic category associated with a simplicial descent category D is studied. Here we also deduce these properties, but now they are a consequence of the induced 'triangulated E-cylinder' on D. In this way we improve and clarify the contents of loc. cit.. I wish to thank my thesis advisors L. Narváez Macarro and V. Navarro Aznar for their helpful advice, expert guidance and dedication.
Notations
• By I we mean the category
. Hence, given a category D, the category of contravariant functors from I to D, I
op D, has as objects
that will be represented by (f, g).
• Analogously the category ID has as objects the diagrams
• By a cylinder associated with an object X of D we mean a diagram
where X is an object of D and σi = σj = Id X .
• By ∆ • D we mean the category of simplicial objects in D. Analogously,
• D is the constant functor, with (A × ∆) n = A for all n.
Triangulated cylinder functors
We introduce here the notion of triangulated E-cylinder on a category D, and we prove that it provides a non-additive triangulated structure on the homotopic category of D in theorem 1.19.
The maps i D and j D will be called canonical maps from Z, Y to cyl(f, g).
Applying the functor cyl by rows and columns we obtain
) be the respective images under cyl of the morphisms in I op D:
where each i means the corresponding canonical map.
From now on, E denotes a class of morphisms of D, whose elements are called equivalences. Our class E is assumed to contain all isomorphisms of D and to satisfy the 2-out-of-3 property (in fact, in our examples E is saturated).
An E-cylinder functor is said to be triangulated if
) be the canonical maps. Then, there exists an isomorphism Θ :
is equal to the identity in HoD.
REMARK 1.4. Note that i : X → cyl(X) is in E by (C2), so σ X : cyl(X) → X and j : X → cyl(X) are also equivalences.
We would like to consider homotopies between maps f, g : X → Y defined through the cylinder cyl(X). The problem is that the relation obtained in this way is not transitive in general (for instance when D = ∆
• Set). To solve this problem, we will consider the associated equivalence relation, or equivalently, we will enlarge the set of cylinders than can be used to define homotopies.
From now cyl + denotes an E-cylinder.
ders associated with X. We can 'glue' them obtaining a new cylinder
, where ρ X : cyl(X) → X is the canonical map. As σ•α = ρ and σ•β = ̺, then s, t, σ is indeed a cylinder object associated with X. DEFINITION 1.6. The set of admissible cylinders of an object X of D is the set of cylinders associated with X defined inductively as follows
III) The result of gluing two admissible cylinders is again an admissible cylinder. REMARK 1.7. It can be proved inductively using (C2) that given an admissible 
H is called a homotopy from f to g. Homotopy equivalences are defined as usual. Proof. It follows from 1.7 and the 2-out-of-3 property of E.
] is isomorphic to the localization of KD with respect to the class E modulo homotopy.
Consequently, the canonical functor D → HoD factors through ϕ ′ : KD → HoD. But elements of E are mapped by ϕ ′ to isomorphisms, so we get ϕ :
On the other hand, equivalences in D are sent to isomorphisms in KD[E −1 ], so we obtain φ : HoD → KD[E −1 ], which is inverse of ϕ. THEOREM 1.14. If cyl + is an E-cylinder, then the class E admits a calculus of left fractions in KD.
Proof. Given maps Z X
[e]
is such that i ∈ E by (C2), and it commutes up to homotopy by 1.9.
Consider now morphisms
Applying cyl + by rows we obtain
where q, w and l are equivalences by (C2). Using (C1) we can find equivalences
Then, the left diagram bellow provides, applying cyl + by columns, the right diagram bellow
where e is an equivalence by the 2-out-of-3 property. Hence, composing maps in diagrams (3) and (4), and annexing δ, we get the left diagram bellow, which gives rise again to the diagram on the right hand side
Note that ǫ and j ′ Y are in E since δ and Id Y are. As e ∈ E, then t ∈ E. Composing with (4) we obtain the commutative diagram in D
By construction, the left and right columns are part of admissible cylinders of X and Y respectively. Hence t•J and t•I are homotopic maps, which are in addition equivalences. Write
Assume D is U-small for a fixed universe U. The category HoD does not need to be U-small, since the (unbounded) derived category associated with any abelian category is one of our examples. In case the class E is a 'locally small multiplicative system' [W] , hence HoD do exist in U.
In particular we deduce the following description of Hom HoD (X, Y ).
such that all maps are equivalences, except f , g and h (which may or not be in E).
From now on, D will be a category with a final object * and an E-cylinder cyl + . Next we consider those distinguished triangles in HoD obtained from cyl + , and we study when they satisfy the 'axioms' of triangulated category.
In particular, c + (f ) provides a cone object c(f ) together with a natural canonical map i : Y → c(f ) such that i•f factors through * up to homotopy. The shift functor T : D → D is defined as TX = cyl( * ← X → * ) = c(X → * ).
By (C3) T : D → D sends equivalences to equivalences, hence it induces T :
HoD → HoD. We will write X[1] = TX as well. DEFINITION 1.17. We consider triangles defined through the shift T :
REMARK 1.18. Note that p•i factors through * in D. The same holds for i•f , this time up to homotopy. Hence any composition of two consecutive morphisms in a distinguished triangle is trivial in HoD, that is, it factors through * .
The rest of the section is devoted to prove the following THEOREM 1.19. Distinguished triangles satisfy axioms TR1, TR3 and TR4 (octahedron) of triangulated categories, together with the non-additive (and non-stable) version of TR 2 given in 1.24.
. ii) Every triangle isomorphic to a distinguished triangle is also distinguished.
Proof. i) follows from (C2), while ii) holds by definition. Let us prove iii). By 1.15,
where the rows are distinguished triangles and the left square commutes in HoD. Then (α, β) extends to a morphism of triangles (α, β, γ).
Proof. We can assume that f and g are morphisms of D and Z = c(f ), Z ′ = c(g). If α and β are morphisms in D and β•f = g•α in D, then we set γ = c(α, β). Note that if α, β are equivalences then so is γ by (C3). If α, β are morphisms of D and βf = gα up to a homotopy H : X → Y ′ , we can obtain γ from the previous case, applying the cone functor by columns to
The general case is deduced from this case as usual, using that E has calculus of left fractions in KD.
Now we define the non-additive and non-pointed analogous of −Id :
, inspired by the one existing in D = ∆
• C, where C is a pointed category with finite coproducts ( [Vo] , p. 47). 
where Θ is the isomorphism associated with (6) by (C4). Then, the endomorphism m is a natural transformation. In other words,
REMARK 1.23. In case C is a pointed category with finite coproducts, D = ∆ • C and cyl is the simplicial cylinder Cyl ([R1], appendix A) then Σ 1 2 Y coincides with the simplicial object introduced in [Vo] p.47, as well as the map m. In this case the map Θ defining m is such that Θ 2 = Id (which holds in all our examples), so m 2 = Id. On the other hand, when D is the category of chain complexes over an additive category and cyl is the usual cylinder, then m is homotopic to −Id.
Proof. We can assume that u is a morphism in D and Z = c(u). Consider the diagram
The result of applying cyl by rows to the diagram above is, by (C2), equivalent to * ← Y i → c(u), while if we apply cyl by columns, we obtain something equivalent
Then, (C4) provides an isomorphism Θ of HoD between the iterated cylinders (by rows and columns) of (7). Therefore, we get by (C3) an isomorphism between c(i) and c(υ ′ ). On the other hand, c(Y ) → * is an equivalence by (C2), so the natural map from c(υ
is an equivalence by (C3). Hence, we obtain the desired isomorphism Θ ′ : c(i) → X[1], which gives rise to an isomorphism of triangles
Indeed, the commutativity of the square (I) follows from (C4). To see that the square (II) commutes, just consider the map induced by u from (7) to (6), and take into account that Θ is natural by assumption. Now we will study the octahedron axiom TR 4.
Two composable morphisms
give rise in a natural way to the triangle
where α and β come from the squares
On the other hand, c(v)
PROPOSITION 1.25 (TR 4). If cyl + is a triangulated E-cylinder, then triangle (8) is distinguished in HoD. Moreover, Verdier's octahedron axiom holds in HoD.
Proof. Consider the diagram
We first compute K = iterated image under cyl of this diagram, beginning by rows. Since cyl( * ) and c(X) are equivalent to * by (C2), then c(X) → cyl( * ) is an equivalence and the canonical map from c(v) to K is again in E by (C2). If we make now this computation by columns the result is, after projecting again cyl( * ) → * , isomorphic to c(α). Hence the isomorphism Θ provided by (C4) gives rise to an isomorphism Θ ′ : c(v) → c(α) of HoD. To finish the proof of the first statement, it remains to see that the following diagram is indeed a morphism of triangles
By (C4) Θ ′ is just the map induced by the square
so the commutativity of (II) is clear. On the other hand, we get also that Θ ′ •β is induced by
is just the canonical map. Hence, square (I) does not commute a priori.
Consider the map from (9) to (2) induced by u : X → Y . Arguing as before, Θ v gives rise to an isomorphism Θ ′ v between c(v) and c(w), the cone of w :
commutes in HoD, where β ′ is the map induced by Id : c(u) → c(u) and by
On the other hand, any morphism in HoD is represented by a zig-zag X → T e ← Y , with e ∈ E. Then the previous case, together with TR 3, implies the octahedron in the general case.
1.1. The additive case. In the additive case we will deduce a suspended (or right triangulated) category structure on HoD [KV] . Assume now that D is an additive category, so I op D is so with the pointwise additive structure.
DEFINITION 1.26. A triangulated E-cylinder cyl
+ is said to be additive if
In this case, we have the following COROLLARY 1.27. The derived category HoD is additive. Moreover, it is a right triangulated (or suspended [KV] ) category. Consequently, if in addition the shift T : HoD → HoD is an automorphism of categories, then HoD is a Verdier's triangulated category.
Proof. Since E has calculus of left fractions over the homotopy category KD, it is enough to check the additivity of KD. Consider f, g, h : X → Y with f ∼ g, and let us check that f + h ∼ g + h. By assumption there is an admissible cylinder i, j : X → X and a homotopy H :
On the other hand, the shift T : D → D is additive since cyl is. Therefore T : HoD → HoD is additive as well. As m = −Id, all axioms of triangulated category hold by theorem 1.19. All results in this section can be dualized, inducing in this way a 'left' triangulated structure on HoD when path + satisfies the dual axioms to (C0), . . ., (C5).
Cylinder objects induced by simplicial descent structures
In this section we prove that the cylinder functor induced by a simplicial descent structure on D is indeed a triangulated cylinder. Recall that a simplicial descent category [R1] , 1.4 is a category D together with a class of morphisms E, and a 'simple' functor s : ∆
• D → D verifying axioms (S 0),. . ., (S 8) . Among them there are an 'Eilenberg-Zilber' axiom, exactness of the simple with respect to E, or an acyclicity axiom.
From now on (D, E, s, µ, λ) will denote a simplicial descent category such that λ is quasi-invertible [R1], 1.6. In this case there exists a natural transformation ρ : Id D → R, where R : D → D maps A to the simple of the constant simplicial object associated with A. In addition, ρ A ∈ E for each object A of D.
Now we introduce the cylinder object induced by a simplicial descent structure.
On the other hand, the cone of f :
From axioms (S 7) and (S 5) , it follows directly the following 
o o , where i = sI•ρ C and j = sJ•ρ B . The maps i, j will be called canonical maps from C, B to cyl(f, g). Recall that if D is an additive simplicial descent category then D is an additive category and the simple functor s is additive.
THEOREM 2.5. If D is a simplicial descent category such that λ is quasi-invertible, then the induced cylinder cyl + is a triangulated cylinder with respect to E. In particular, HoD inherits a 'non-additive right triangulated category' as in theorem 1.19. A descent functor between simplicial descent categories [R1] preserves distinguished triangles. If moreover D is an additive simplicial descent category then cyl + is an additive triangulated E-cylinder. In particular, HoD is a suspended (or right triangulated) category. A descent functor which is also additive is a functor of suspended categories.
Proof. (C0) holds by definition. Given X ∈ D, recall that the simplicial cylinder of X ×∆, Cyl(X ×∆), provides maps I X , J X : X → Cyl(X ×∆) and τ : Cyl(X ×∆) → X × ∆ with σ•I X = σ•J X = Id X×∆ . To see (C1), set σ X = λ X •sτ . Since λ X •ρ X = Id X , it follows that σ X •i X = σ X •j X = Id. On the other hand, (C2) and (C3) are consequences of [R1] A.10 and A.8 respectively. Let us see (C4) now. A diagram (1) gives rise to the bisimplicial object Z ∈ ∆
• ∆ • D with
Denote by sZ the simplicial object given by (sZ) n = s(m → Z n,m ). Axiom (S 3) provides an equivalence cyl(γ
Hence, by (S 6 ) the induced map cyl( f , g) → ssZ is an equivalence too. On the other hand, let
Similarly, ssT is equivalent to cyl(δ ′ , δ). But DT = DZ, so from (S 4) we have isomorphisms µ T and µ Z in HoD relating ssT to ssZ, which gives rise to the required isomorphism Θ. The equalities Θ•I = ψ ′ and Θ•ψ = I hold by definition and by the compatibility between ρ and µ. For a more detailed description of Z and T see [R] , prop. 2.3.2. It remains to prove (C5). In case our diagram (1) is equal to (2), let us check that the isomorphism Θ obtained in the proof of (C4) is the identity in HoD. In this case Θ : cyl(w, η) → cyl(w, η), where w : c(Y ) → c(v) and η : c(Y ) → cyl( * ). Note that the canonical map i : c(v) → cyl(w, η) is an equivalence by (C2), since c(Y ) and cyl( * ) are acyclic. Let ψ : c(v) → cyl(w, η) be the map induced by the canonical maps from * , Y, Z to cyl( * ), c(Y ), c(v) respectively. We have that Θ•i = ψ. Consequently, ψ is an isomorphism in HoD and it it is enough to see
• D is defined as in the proof of (C4), then cyl(w, η) is naturally isomorphic to sDZ by (S 4) and (S 6) . But one can check that DZ is equal to Cyl(C(v) ← C(Y ) → Cyl( * )). In addition i corresponds to the simple of the canonical map I : C(v) → DZ, while ψ corresponds to the simple of the map Ψ : C(v) → DZ induced by the canonical maps from Z, Y, * to C(v), C(Y ), Cyl( * ). Therefore, it is enough to see that sI = sΨ in HoD. This equality follows from the existence of a map of simplicial objects π : and Y (i,j) to the component Y (k) with k = min{i, j}. It is straightforward to check that π is compatible with the face and degeneracy maps (for a similar computation see [R] p. 139), so the proof of the first statement is finished. If we assume now that D is an additive simplicial descent category, then cyl is clearly additive since it is composition of additive functors. Then it remains to see that the 'non-additive minus identity' m : TY → TY is indeed equal to −Id TY in HoD. Recall that m comes from the isomorphism Θ associated with 
where To finish it is enough to exhibit a map F : Y {1} → DZ such that G•F = Id (then f = sF ∈ E) and G•τ •F = −Id. But the maps
do provide a morphism of simplicial objects (see [R] p. 143), so we are done.
Of course the cylinder functor induced by a descent structure has more properties than those summarized in the previous section. For instance, Eilenberg-Zilber axiom (S 4) imply that the homotopy theory of ∆
• D is preserved by the simple functor in HoD. PROPOSITION 2.6. If f, g are simplicially homotopic in ∆
• D [May] , then s(f ) = s(g) in HoD. Consequently, the simple functor s sends simplicial homotopy equivalences in ∆
• D to equivalences in D. In particular, if an augmentation ǫ : X → X −1 × ∆ has an extra degeneracy [B] , then sǫ is an isomorphism in HoD.
Proof. If X ∈ ∆
• D, let I X , J X : X → Cyl(X) be the canonical maps. It is enough to see that s(I X ) = s(J X ) in HoD. To this end, note that the canonical maps i, j : sX → cyl(sX) do coincide in HoD by (C2) and (C1). The assertion follows from [R1] A.9, that provides a natural equivalence between sCyl(X) and cyl(sX) compatible with i, j, sI X , sJ X . PROPOSITION 2.7. The cylinder functor is "additive up to equivalence". In other words, given (f, g), (f ′ , g ′ ) ∈ I op D, then the natural morphism
is an equivalence. Similarly,
is an equivalence for any f, f ′ ∈ F l(D) if and only if * ⊔ * → * is an equivalence.
Proof. The first statement follows from the commutativity of Cyl with coproducts, together with (S 3) . Let us see the second statement. The map R * → * is in E by (S 5) , hence * ⊔ * → * is in E if and only if Id ⊔ Id : R * ⊔R * → R * is so. Firstly, if we set f = f ′ : 0 → 0 then R * ⊔R * → R * is just σ c : c(0) ⊔ c(0) → c(0 ⊔ 0) = c(0). Conversely, assume that * ⊔ * → * is an equivalence. Denote by η D the trivial morphism D → * for any object D. Given f : A → B and
PROPOSITION 2.8. If f, g are morphisms in D such that f ⊔ g is an equivalence, then f and g are so.
Proof. Assume given f : A → B and g : A ′ → B ′ with f ⊔g ∈ E. If ρ : A⊔A ′ → * ⊔ * , since f ⊔ g ∈ E, it follows from (C 2) that * ⊔ * → cyl(f ⊔ g, ρ) is an equivalence. By previous proposition i A ⊔ i A ′ : * ⊔ * → c(f ) ⊔ c(g) is an equivalence as well. Since E is saturated, it is closed under retracts, and it is enough to see that
is equal to the identity on c(f ), so we are done.
In the next remark we describe the case of simplicial descent categories in which λ is not quasi-invertible. REMARK 2.9. If we do not assume that λ is quasi-invertible, then properties (C0), . . .,(C5) can be adapted to the induced cylinder in D. The only difference is that
But this is not a problem since we still know that RX and RY are equivalent to X and Y through λ. Then, in order to obtain a similar result to 1.15, we need to consider the iterates of R, R k : D → D as well as the iterates of λ, λ k : R k → Id. In this case any morphism F ∈ Hom HoD (X, Y ) is represented by a zig-zag 
where m ≥ l, k and all maps except (eventually) h, f, g are equivalences. Theorem 1.19 remains true in this case as well. Now one just have to replace the map i : Y → c(f ) in (5) by the morphism of HoD defined by the composition
We have decided to treat the quasi-invertible case by simplicity and because in all known examples of simplicial descent category, λ can be chosen to be quasiinvertible.
REMARK 2.10 (The dual case). Recall that a cosimplicial descent category is by definition the dual of a simplicial descent category. All properties contained in this section can be dualized to the cosimplicial setting. This time a path functor is induced in D, and in the additive case we obtain a cosuspended (or left triangulated) [KV] structure on HoD.
Applications
In this section we give the triangulated structures obtained on those examples of (co)simplicial descent categories given in [R1] .
Chain complexes. The cone and cylinder objects induced by the descent structure with the normalized simple functor is (canonically isomorphic) to the usual one, while if we use the non-normalized simple the resulting cone and cylinder functors are naturally homotopic to the classical ones. Therefore we recover the usual triangulated structures on the homotopy category of an additive category, and the one on the derived category of an abelian category.
Simplicial sets and simplicial objects in additive/abelian categories. In these cases, since the simple functor is the diagonal functor of a bisimplicial object, the cylinder functor obtained is the one given in 2.1. Therefore, the cylinder and cone objects agrees with those considered in [Vo] , so our distinguished triangles are just the cofibration sequences considered in [Vo] 5.3.
Topological Spaces. Given a continuous map f , the cone c(f ) of f induced by the descent structure is the 'fat geometric realization' ( [S] , Appendix A) of Cf , the simplicial cone of f . Since all degeneracy maps of Cf are closed cofibrations (they are coproducts of identities), then c(f ) is naturally homotopic to the (usual) geometric realization of Cf , which agrees with the classical cone associated with f . The same holds for the induced cylinder of two maps f and g, which is homotopic to the classical double mapping cylinder of f, g.
Cochain complexes. This is a cosimplicial descent example, so now we get path and loop functors. Using the normalized simple functor, we have that the path object associated with f : B → A and g : C → A is the total complex of the double complex
Differential graded algebras. If f : B → A and g : C → A are morphisms of differential graded algebras (or dga), then path(f, g) has as underlying cochain complex the one given in previous example, while the product is induced by those of A, B and C (see [G] for details). The distinguished triangles (or fiber sequences) obtained from path are studied in loc. cit. as well, where an analogous result to 1.24 is proven. We recover here this result, and we also deduce the octahedron axiom TR 4 for these sequences.
Commutative differential graded algebras. We deduce in this case a functor path for the category Cdga of commutative differential graded algebras over a field of characteristic 0, coming from Navarro's Thom-Whitney simple. The underlying cochain complex of path is quasi-isomorphic to the usual path functor in cochain complexes. The resulting distinguished triangles verify then theorem 1.19. We also deduce that the forgetful functor from Cdga to cochain complexes of k-vector spaces preserves distinguished triangles.
DG-modules over a DG-category. As this cosimplicial descent structure is based on the one of cochain complexes, we recover the well-known triangulated structure of the derived category of DG-modules over a DG-category [K] .
Filtered cochain complexes. Given an abelian category A and an integer c, let CF c A be the category of filtered cochain complexes (A, F), where A is a positive cochain complex over A that 0 in degrees lower than c, and F is a decreasing biregular filtration of A. Using the normalized simple and the filtered quasi-isomorphisms as equivalences, the path object associated with two filtered maps (C, H) g → (A, F) f ← (B, G) is the filtered cochain complex path(f, g) n = B n ⊕A n−1 ⊕C n filtered by M k path(f, g)
If the class of equivalences considered are the E 2 -isomorphisms, then the path object of f and g is path(f, g) n = B n ⊕A n−1 ⊕C n filtered by N k path(f, g)
As a corollary we get the classical left triangulated (or cosuspended) structure on the filtered derived category of uniformly bounded-bellow complexes on one hand, and a cosuspended structure on the localized category of uniformly bounded-bellow filtered complexes with respect to the E 2 -isomorphisms on the other. In addition, Deligne's decalage functor preserve this structures. They give rise to Verdier's triangulated structures in the respective stable localized categories of bounded-bellow filtered cochain complexes, in such a way that decalage functor is a functor of triangulated categories.
Mixed Hodge complexes. Let Hdg be the category of mixed Hodge complexes defined in [R1] 4.8 and 4.11. Consider mixed Hodge complexes K, S, T , where K = ((K Q , W), (K C , W, F), α), S = ((S Q , U), (S C , U, G), β) and T = ((T Q , V), (T C , V, H), γ).
Given morphisms
← S, then P = path(f, g) is the mixed Hodge complex ((P Q , N), (P C , N, M), δ) where
and γ is the direct sum of β, α and γ. The cofiber sequences defined through the path functor induce a left triangulated structure on the derived category. As before, it becames a Verier's triangulated category if we consider bounded-bellow cochain complexes. This triangulated structure is related to the one given in [Be] and [H] (recall that a mixed Hodge complex in our sense becames a mixed Hodge complex in the sense of loc. cit. after applying decalage functor Dec to the weight filtration W).
